
BNC Mathematics Sem - IV (Fourier series)

Problem:
Represent a function f(x) by a trigonometrical series of the form
𝑎0

2
+ σ𝑛=1

∞ (𝑎𝑛𝑐𝑜𝑥𝑛𝑥 + 𝑏𝑛𝑠𝑖𝑛𝑛𝑥) −−−(1)

Orthogonality formulae of integral:

.1
−𝜋

𝜋
𝑠𝑖𝑛𝑛𝑥𝑑𝑥 = 

−𝜋

𝜋
𝑠𝑖𝑛𝑚𝑥 𝑐𝑜𝑠𝑛𝑥 𝑑𝑥 = 0 since sinnx & sinmx cosnx are odd function

 .2
−𝜋

𝜋
𝑐𝑜𝑠𝑛𝑥𝑑𝑥 = ቊ

0, 𝑛 > 0
2𝜋, 𝑛 = 0

since sinnπ = 0 for  any integer n

 .3
−𝜋

𝜋
𝑠𝑖𝑛𝑚𝑥 𝑠𝑖𝑛𝑛𝑥 𝑑𝑥 = ቐ

0,𝑚 ≠ 𝑛
𝜋, 𝑚 = 𝑛 > 0
0, 𝑚 = 𝑛 = 0

 .4
−𝜋

𝜋
𝑐𝑜𝑠𝑚𝑥 𝑐𝑜𝑠𝑛𝑥 𝑑𝑥 = ቐ

0,𝑚 ≠ 𝑛
𝜋,𝑚 = 𝑛 > 0
2𝜋,𝑚 = 𝑛 = 0

𝑤ℎ𝑒𝑟𝑒 𝑎0, 𝑎𝑛 , 𝑏𝑛 𝑎𝑟𝑒 𝑓𝑜𝑢𝑟𝑖𝑒𝑟 𝑐𝑜𝑒𝑓𝑓𝑖𝑐𝑖𝑒𝑛𝑡𝑠



Where 𝑎0 =
1

𝜋

−𝜋

𝜋
𝑓 𝑥 𝑑𝑥

𝑎𝑛 =
1

𝜋
න
−𝜋

𝜋

𝑓 𝑥 cos 𝑛𝑥 𝑑𝑥

And 𝑏𝑛 =
1

𝜋

−𝜋

𝜋
𝑓 𝑥 𝑠𝑖𝑛𝑛𝑥 𝑑𝑥

We have to find these coefficients for a function f(x) which satisfies Dirichlet’s 
conditions.
Now Dirichlet’s conditions:

f(x)satisfies Dirichlet’s conditions if f(x) is bounded, periodic, integrable in [-
𝜋, 𝜋] 𝑎𝑛𝑑 𝑝𝑖𝑒𝑐𝑒𝑤𝑖𝑠𝑒 𝑚𝑜𝑛𝑜𝑡𝑜𝑛𝑒. if f(x)=𝑥2 it is bounded, periodic, integrable and 
𝑓′ 𝑥 = 2𝑥 𝑤ℎ𝑖𝑐ℎ 𝑖𝑠 > 0 𝑖𝑛 0, 𝜋 𝑎𝑛𝑑 < 0 𝑖𝑛 −𝜋, 0 ∴
𝑓 𝑥 𝑖𝑠 𝑚𝑜𝑛𝑜𝑡𝑜𝑛𝑒 𝑖𝑛𝑐𝑟𝑒𝑎𝑠𝑖𝑛𝑔 𝑖𝑛 0, 𝜋 𝑎𝑛𝑑 𝑚𝑜𝑛𝑜𝑡𝑜𝑛𝑒 𝑑𝑒𝑐𝑟𝑒𝑎𝑠𝑖𝑛𝑔 𝑖𝑛 −𝜋, 0 ∴
𝑓 𝑥 𝑠𝑎𝑡𝑖𝑠𝑓𝑖𝑒𝑠 𝑑𝑖𝑟𝑖𝑐𝑙𝑒𝑡′𝑠 𝑐𝑜𝑛𝑑𝑖𝑡𝑖𝑜𝑛𝑠 𝑖𝑛 −𝜋, 𝜋 . 𝑛𝑜𝑤 𝑓𝑖𝑛𝑑 𝑓𝑜𝑢𝑟𝑖𝑒𝑟 𝑐𝑜𝑒𝑓𝑓𝑖𝑐𝑖𝑒𝑛𝑡𝑠



Fourier series and Fourier constants:

Let f(x) can be represented by a series  
𝑎0

2
+ σ𝑛=1

∞ (𝑎𝑛𝑐𝑜𝑥𝑛𝑥 + 𝑏𝑛𝑠𝑖𝑛𝑛𝑥) −−−(1)

and the series (1) converges uniformly to f(x) on −𝜋 ≤ 𝑥 ≤ 𝜋

Then we have 𝑓 𝑥 =
𝑎0

2
+ σ𝑛=1

∞ (𝑎𝑛𝑐𝑜𝑥𝑛𝑥 + 𝑏𝑛𝑠𝑖𝑛𝑛𝑥) −− −(2)

Since the series (1) converges uniformly on −𝜋 ≤ 𝑥 ≤ 𝜋 𝑡𝑜 𝑓 𝑥

∴ න

−𝜋

𝜋

𝑓 𝑥 𝑑𝑥 =
𝑎0
2

න

−𝜋

𝜋

𝑑𝑥 +

𝑛=1

∞

(𝑎𝑛 න

−𝜋

𝜋

𝑐𝑜𝑥𝑛𝑥 𝑑𝑥 + 𝑏𝑛 න

−𝜋

𝜋

𝑠𝑖𝑛𝑛𝑥 𝑑𝑥) −−−(3)

∴ 
−𝜋

𝜋
𝑓 𝑥 𝑑𝑥 =

𝑎0

2
× 2𝜋 since 

−𝜋

𝜋
𝑐𝑜𝑥𝑛𝑥 𝑑𝑥 = 

−𝜋

𝜋
𝑠𝑖𝑛𝑛𝑥 𝑑𝑥 = 0 𝑏𝑦 𝑃1 &𝑃2.

∴ 𝑎0 =
1

𝜋
න

−𝜋

𝜋

𝑓 𝑥 𝑑𝑥

Multiply (2) by 𝑐𝑜𝑠𝑘𝑥 𝑓𝑜𝑟 𝑖𝑛𝑡𝑒𝑔𝑒𝑟 𝑘 ≥ 1 𝑖𝑡 𝑟𝑒𝑚𝑎𝑖𝑛𝑠 𝑢 − 𝑙𝑦 𝑐𝑜𝑛𝑣𝑒𝑟𝑔𝑒𝑛𝑡 𝑖𝑛 − 𝜋 ≤ 𝑥 ≤ 𝜋

න

−𝜋

𝜋

𝑓 𝑥 𝑐𝑜𝑠𝑘𝑥𝑑𝑥 =
𝑎0
2

න

−𝜋

𝜋

𝑐𝑜𝑠𝑘𝑥𝑑𝑥 +

𝑛=1

∞

(𝑎𝑛 න

−𝜋

𝜋

𝑐𝑜𝑠𝑘𝑥𝑐𝑜𝑥𝑛𝑥 𝑑𝑥 + 𝑏𝑛 න

−𝜋

𝜋

𝑐𝑜𝑠𝑘𝑥𝑠𝑖𝑛𝑛𝑥 𝑑𝑥)

∴ 
−𝜋

𝜋
𝑓 𝑥 𝑐𝑜𝑠𝑘𝑥𝑑𝑥 =𝜋𝑎𝑘 𝑏𝑦 𝑝𝑟𝑜𝑝𝑒𝑟𝑡𝑖𝑒𝑠 𝑃1, 𝑃2, P4 ∴ 𝑎𝑘 =

1

𝜋

−𝜋

𝜋
𝑓 𝑥 𝑐𝑜𝑠𝑘𝑥𝑑𝑥



Similarly multiplying (2) by 𝑠𝑖𝑛𝑘𝑥 𝑓𝑜𝑟 𝑖𝑛𝑡𝑒𝑔𝑒𝑟 𝑘 ≥ 1 𝑏𝑘 =
1

𝜋
𝜋−
𝜋
𝑓 𝑥 𝑠𝑖𝑛𝑘𝑥𝑑𝑥

series (1) is known as Fourier series corresponding to f(x) and is denoted by

𝑓 𝑥 ~
𝑎0
2
+

𝑛=1

∞

(𝑎𝑛𝑐𝑜𝑥𝑛𝑥 + 𝑏𝑛𝑠𝑖𝑛𝑛𝑥) −− −(2)

and 𝑎0, 𝑎𝑛 , 𝑏𝑛 𝑎𝑟𝑒 𝑘𝑛𝑜𝑤𝑛 𝑎𝑠 𝐹𝑜𝑢𝑟𝑖𝑒𝑟 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡𝑠.

Dirichlet’s conditions:

A function 𝑓 𝑥 𝑖𝑠 𝑠𝑎𝑖𝑑 𝑡𝑜 𝑠𝑎𝑡𝑖𝑠𝑓𝑦 𝐷𝑖𝑟𝑖𝑐ℎ𝑙𝑒𝑡′𝑠 𝑐𝑜𝑛𝑑𝑖𝑡𝑖𝑜𝑛𝑠 𝑜𝑛 𝑎𝑛 𝑖𝑛𝑡𝑒𝑟𝑣𝑎𝑙

−𝜋 ≤ 𝑥 ≤ 𝜋 in which it is defined when it subjected to one of the following cond.

1. 𝑓( )𝑥 𝑖𝑠 𝑏𝑜𝑢𝑛𝑑𝑒𝑑 𝑝𝑒𝑟𝑖𝑜𝑑𝑖𝑐 𝑤𝑖𝑡ℎ 𝑝𝑒𝑟𝑖𝑜𝑑 2𝜋 𝑎𝑛𝑑 𝑖𝑛𝑡𝑒𝑔𝑟𝑎𝑏𝑙𝑒 𝑜𝑛 − 𝜋 ≤ 𝑥 ≤ 𝜋

And the interval can be divided into a finite no. of open partial interval in each of 
which 𝑓( )𝑥 𝑖𝑠 𝑚𝑜𝑛𝑜𝑡𝑜𝑛𝑖𝑐 { 𝑜𝑟 𝑓 𝑥 𝑖𝑠 𝑏𝑜𝑢𝑛𝑑𝑒𝑑 𝑝𝑒𝑟𝑖𝑜𝑑𝑖𝑐 𝑤𝑖𝑡ℎ 𝑝𝑒𝑟𝑖𝑜𝑑 2𝜋 𝑎𝑛𝑑

Integrable on −𝜋 ≤ 𝑥 ≤ 𝜋 and piecewise monotonic on [−𝜋, 𝜋]}



2. 𝑓 𝑥 ℎ𝑎𝑠 𝑎 𝑓𝑖𝑛𝑖𝑡𝑒 𝑛𝑢𝑚𝑏𝑒𝑟 𝑜𝑓 𝑝𝑜𝑖𝑛𝑡𝑠 𝑜𝑓 𝑖𝑛𝑓𝑖𝑛𝑖𝑡𝑒 𝑑𝑖𝑠𝑐𝑜𝑛𝑡𝑖𝑛𝑢𝑡𝑖𝑒𝑠 𝑖𝑛 𝑡ℎ𝑒 𝑖𝑛𝑡𝑒𝑟𝑣𝑎𝑙.When
arbitrary small neighbourhoods of these points are excluded, f(x) is bounded in the
remainder of the interval, and this can be broken up into a finite number of open partial
intervals in each of which f(x) is monotonic.

Convergence

When 𝑓 𝑥 𝑠𝑎𝑡𝑖𝑠𝑓𝑖𝑒𝑠 𝐷𝑖𝑟𝑖𝑐ℎ𝑙𝑒𝑡′𝑠 𝑐𝑜𝑛𝑑𝑖𝑡𝑖𝑜𝑛𝑠 𝑜𝑛 − 𝜋 ≤ 𝑥 ≤ 𝜋

The Fourier series corresponding to 𝑓( )𝑥 𝑐𝑜𝑛𝑣𝑒𝑟𝑔𝑒𝑠 𝑡𝑜 𝑓( )𝑥

𝑎𝑡 𝑎𝑛𝑦 𝑝𝑜𝑖𝑛𝑡 𝑜𝑛 − 𝜋 < 𝑥 < 𝜋 when 𝑓( )𝑥 𝑖𝑠 𝑐𝑜𝑛𝑡𝑖𝑛𝑢𝑜𝑢𝑠.

And converges to 
1

2
{ }𝑓( )𝑥 + 0 + 𝑓( )𝑥 − 0 𝑤ℎ𝑒𝑛 𝑡ℎ𝑒𝑟𝑒 𝑖𝑠 𝑎 𝑜𝑟𝑑𝑖𝑛𝑎𝑟𝑦 𝑑𝑖𝑠𝑐𝑜𝑛𝑡𝑖𝑛𝑢𝑖𝑡𝑦 𝑎𝑡 𝑥

In particular at 𝑥 = 𝜋 𝑎𝑛𝑑 𝑎𝑡 𝑥 = −𝜋 𝑖𝑡 𝑐𝑜𝑣𝑒𝑟𝑔𝑒𝑠 𝑡𝑜
1

2
{ }𝑓(−𝜋 + 0) + 𝑓( )𝜋 − 0

when 𝑓( )−𝜋 + 0 & 𝑓( )𝜋 − 0 exists.

Where 𝑓(𝜋 + 0) = lim
𝑥→𝜋+0

𝑓 𝑥 i.e right hand limit of 𝑓 𝑥 𝑎𝑡 𝑥 = 𝜋



Ex1: Verify that 𝑓 𝑥 = 𝑥2 𝑠𝑎𝑡𝑖𝑠𝑓𝑖𝑒𝑠 𝐷𝑖𝑟𝑖𝑐ℎ𝑙𝑒𝑡′𝑠 𝑐𝑜𝑛𝑑𝑖𝑡𝑖𝑜𝑛𝑠 𝑜𝑛 −𝜋, 𝜋 .
𝑆ℎ𝑜𝑤 𝑡ℎ𝑎𝑡 𝑡ℎ𝑒 𝐹𝑜𝑢𝑟𝑖𝑒𝑟 𝑠𝑒𝑟𝑖𝑒𝑠 𝑐𝑜𝑟𝑟𝑒𝑠𝑝𝑜𝑛𝑑𝑖𝑛𝑔 𝑡𝑜 𝑥2

𝑜𝑛 − 𝜋 ≤ 𝑥 ≤ 𝜋 𝑖𝑠
𝜋2

3
+ 4

𝑛=1

∞

(−1)𝑛
𝑐𝑜𝑠𝑛𝑥

𝑛2
. 𝐻𝑒𝑛𝑐𝑒 𝑑𝑒𝑑𝑢𝑐𝑒 𝑡ℎ𝑎𝑡 1 +

1

22
+

1

32
+ −−−=

𝜋2

6

& 1 −
1

22
+

1

32
− −−−=

𝜋2

12
Soln.: 𝑓 𝑥 = 𝑥2 𝑖𝑠 𝑏𝑜𝑢𝑛𝑑𝑒𝑑 & integrable on −𝜋 ≤ 𝑥 ≤ 𝜋, 𝑠𝑖𝑛𝑐𝑒 𝑖𝑡 𝑖𝑠 𝑐𝑜𝑛𝑡𝑖𝑛𝑢𝑜𝑢𝑠 𝑜𝑛 −𝜋, 𝜋
𝑓′ 𝑥 = 2𝑥 > 0 𝑜𝑛 0 < 𝑥 ≤ 𝜋 𝑖. 𝑒. 𝑓 𝑥 𝑖𝑠 𝑚𝑜𝑛𝑜𝑡𝑜𝑛𝑒 𝑖𝑛𝑐𝑟𝑒𝑎𝑠𝑖𝑛𝑔 𝑜𝑛 0 < 𝑥 ≤ 𝜋

< 0 𝑜𝑛 − 𝜋 ≤ 𝑥 < 0 𝑖. 𝑒. 𝑓 𝑥 𝑖𝑠 𝑚𝑜𝑡𝑜𝑛𝑖𝑐 𝑑𝑒𝑐𝑟𝑒𝑎𝑠𝑖𝑛𝑔 𝑜𝑛 − 𝜋 ≤ 𝑥 < 0

Therefore 𝑓 𝑥 𝑖𝑠 𝑝𝑖𝑒𝑐𝑒𝑤𝑖𝑠𝑒 𝑚𝑜𝑛𝑜𝑡𝑜𝑛𝑒 𝑜𝑛 −𝜋, 𝜋 . Hence 𝑓 𝑥 = 𝑥2 satisfies Dirichlet’s 
conditions on −𝜋, 𝜋 . Also 𝑓 𝑥 = 𝑥2 is an even function of 𝑥.

𝑎0 =
1

𝜋
න

−𝜋

𝜋

𝑓 𝑥 𝑑𝑥 =
2

𝜋
න

0

𝜋

𝑥2𝑑𝑥 =
2𝜋2

3

𝑎𝑘 =
1

𝜋

−𝜋

𝜋
𝑓 𝑥 𝑐𝑜𝑠𝑘𝑥𝑑𝑥 =

2

𝜋

0

𝜋
𝑥2𝑐𝑜𝑠𝑘𝑥 𝑑𝑥 =

4

𝑘2
𝑐𝑜𝑠𝑘𝜋 =

4(−1)𝑘

𝑘2
(integrating by parts)

𝑏𝑘 =
1

𝜋

−𝜋

𝜋
𝑓 𝑥 𝑠𝑖𝑛𝑘𝑥𝑑𝑥=

1

𝜋

−𝜋

𝜋
𝑥2𝑠𝑖𝑛𝑘𝑥 𝑑𝑥 = 0 𝑠𝑖𝑛𝑐𝑒 𝑥2𝑠𝑖𝑛𝑘𝑥 is an odd function of x.



Therefore Fourier series corresponding to 𝑓 𝑥 = 𝑥2 𝑖𝑠
𝜋2

3
+ 4σ𝑛=1

∞ (−1)𝑛
𝑐𝑜𝑠𝑛𝑥

𝑛2
.

i.e. 𝑓 𝑥 = 𝑥2 ~
𝜋2

3
+ 4σ𝑛=1

∞ (−1)𝑛
𝑐𝑜𝑠𝑛𝑥

𝑛2
.

Since 𝑓 𝑥 𝑠𝑎𝑡𝑖𝑠𝑓𝑖𝑒𝑠 𝐷𝑖𝑟𝑖𝑐ℎ𝑙𝑒𝑡′𝑠 𝑐𝑜𝑛𝑑𝑖𝑡𝑖𝑜𝑛𝑠 𝑎𝑛𝑑 𝑐𝑜𝑛𝑡𝑖𝑛𝑢𝑜𝑢𝑠 𝑜𝑛 −𝜋, 𝜋

Therefore 𝑓 𝑥 = 𝑥2 =
𝜋2

3
+ 4σ𝑛=1

∞ (−1)𝑛
𝑐𝑜𝑠𝑛𝑥

𝑛2
𝑜𝑛 − 𝜋 < 𝑥 < 𝜋 −−−(1)

at 𝑥 = 0 𝑓𝑟𝑜𝑚 (1) 0 =
𝜋2

3
+ 4{−1 +

1

22
−

1

32
−−−}⟹ 1 −

1

22
+

1

32
− −−−=

𝜋2

12
1

2
𝑓(−𝜋 + 0) + 𝑓 𝜋 − 0 = 𝜋2 =

𝜋2

3
+ 4 1 +

1

22
+

1

32
+ −−−

∴ 1 +
1

22
+

1

32
+ −−−=

𝜋2

6




